So there would be interesting to find out two sequences, which is even periodic or odd periodic complementary pair although they do not form a Golay pair. In this paper, our motivation is to design such odd periodic and periodic complementary pair by means of the generalized Boolean function technique, based on which Davis and Jedwab have developed an elegant description for a large class of Golay pairs in [2] . This paper is organized as follows. In Section 2, we will provide the necessary background information and notions used throughout the paper. In Sections 3 and 4, we will show the constructions of even periodic and odd periodic complementary sequence pairs by using generalized Boolean functions.
Preliminaries
Let N be a positive integer, and a = (a 0 , a 1 Let H be a positive integer and ξ be the primitive element of H-th unity, i.e., ξ = exp(2π
√ −1/H).
A modulated sequence of sequence (a 0 , a 1 , · · · , a N −1 ) over Z H is written as the complex sequence
. In the following, we will use those two expressions of sequences interchangeably for convenience.
to Z H is represented as a linear combination of the 2 m monomials: 
i.e., (0, 1, 0, 1, 0, 1, 1, 0), which can be regraded as ( 
In [2] , Davis and Jedwab developed a powerful theory to construct Golay sequence in terms of generalized Boolean function. From now on, it is always assumed that m ≥ 4 is an integer and π is a permutation from {1, · · · , m} to itself.
Definition 1 Define a sequence
over Z H , whose elements are given by In the next two sections, we will present periodic and odd periodic complementary sequence pairs by using other generalized Boolean functions.
Even Periodic Complementary Pairs
In this section, we will consider the pair of sequences a = {a i }
where p and q are two integers with 1 ≤ p < q ≤ m, and i is a linear function from Z m 2 to Z H , H an even integer. 
Results

Theorem 1 Let
Define a mapping π (k) = π(m + 1 − k), k ∈ {1, · · · , m}, and replace π by π , the following corollary follows from Theorems 1-3.
Corollary 1
The pair of sequences a and b given by (5) is a periodic complementary pair, if
, and π(m) = 1.
Remark 1
The two sequences a and b given by (5) are different from the Golay sequences given by Fact 1. (1) . The periodic autocorrelation function of binary sequences a and b are listed in Table 1 . Furthermore they form a periodic complementary sequence pair. (1) . The periodic autocorrelation function of quaternary sequences a and b are listed in Table 2 . Furthermore they form an odd periodic complementary sequence pair. In Table 2 and Table 4 below, ξ = √ −1. 
Proof of Results
From now on by convenience, for any given integers 1 In this section, we will prove that
Due to relationship between aperiodic autocorrelation and even periodic (resp. odd periodic) autocorrelation shown in (2) (resp. (3)), we first compute
where j = i + τ and the set J(τ ) is defined as
Proof of Theorem 1: We only prove for p = 1 since 2 ≤ p ≤ m − 2 can be proved in the same fashion. We divide J(τ ) into the following four disjoint subsets
For any i ∈ J 1 (τ ), let i and j be the two integers whose bits in the binary representation are defined by
and
In other words, i and j are obtained from i and j by "flipping" the 2-th bit in
and (j π (1) , · · · , j π(m) ). Then, the following facts hold.
1. i → i and j → j are respectively one-to-one mapping;
4. i ∈ J 1 (τ ).
Given i ∈ J 1 (τ ), by (5) we have
and then
For any i ∈ J 3 (τ ), since j = i, we can define v as follows:
Obviously, 2 ≤ v ≤ m. In addition, v = 3 because i π(3) = j π(3) from the definition of J 3 (τ ). For any i ∈ J 3 (τ ), let i and j be the two integers whose bits in the binary representation are defined by
Note that the following facts hold.
Consequently, we get from (5) that
which is H 2 according to the definition of v. Then, it gives ξ ai−aj + ξ a i −a j = 0. So,
In the following, firstly we define two mappings as follows. (2) , and
), then set two integers s and t as
By (5), we have
, then set i and j be the two integers defined by
Therefore, we have that
which leads to
Next based on the two mappings above, we investigate J 2 (τ ) and J 4 (τ ) case by case according to π(2) = 1 or π(1) = 1, and distinct i . Case 1. π(2) = 1.
For i ∈ J 2 (τ ), define two integers s and t by (11) and (12) respectively in Mapping 1. It is easy to check that the following facts hold.
1. j → s and i → t are respectively one-to-one mapping;
Set two integers i and j defined by (13) and (14) respectively in Mapping 2. It is easily checked the following facts.
Therefore,
The set J 2 (τ ) can be divided into two disjoint subsets:
The set J 4 (τ ) can be divided into two disjoint subsets:
For J 6 (τ ) and J 7 (τ ), by means of Mapping 1 we can derive that
Then, by using Mapping 2, we can deduce that
Therefore, we obtain i∈J2(τ )
Finally, according to the above discussion we then obtain
Proof of Theorem 2: Similar to Theorem 1, we can prove Theorem 2 by dividing J(τ ) and then using the following mapping.
j by (9) and (10) respectively where the integer v is defined as (8);
by (13) and (14) respectively. Note that:
}, define s and t by (11) and (12) respectively; (2) , i = j }, define i and j by (6) and (7) respectively.
Proof of Theorem 3: Similar to Theorem 1, Theorem 3 can be proven as follows.
, set i and j to be two integers defined by (9) and (10) respectively where the integer v is defined as (8) . In this case: (2) and (2) , i = j }, set i and j to be the two integers defined by (13) and (14) respectively; (2) , i = j }, set s and t to be the two integers defined by (11) and (12) Table 3 . Furthermore they form an odd periodic complementary sequence pair. Table 4 . Furthermore they form an odd periodic complementary sequence pair. 
In this subsection, we will prove that
for pair (a, b) given in (5) under the conditions listed in the former subsection.
Proof of Theorem 4: Similarly, Theorem 4 can be proven by using following technique. (2) , i = j }, let i and j to be two integers defined by (9) and (10) respectively where the integer v ≥ 3 is defined as (8); (2) , i = j }, let i and j to be the two integers defined by (13) and (14) . In this case, (2) , i = j }, let s and t to be the two integers defined by (11) and (12) respectively; (2) , i = j }, let s and t to be the two integers defined by (11) and (12) respectively.
Note that J 2 (τ ) and
Proof of Theorem 5: Theorem 5 can be proven similarly by the following cases.
define i and j by (9) and (10) respectively where the integer v ≥ 3 is defined as (8) . In this case: (11) and (12) respectively.
In this paper, we have shown several constructions of even periodic (odd periodic) complementary sequences pairs over Z H and 4 q -QAM complementary sequences pairs, which are defined using the generalized boolean functions, where H ≡ 0 (mod 4) and q ≥ 2 is an arbitrary integer. Those constructed sequences pairs can be used to design optimal signal sets. An interesting problem is to search for perfect even periodic complementary pairs or perfect odd periodic complementary pairs with new length.
